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A geometrical version
of the higher order
Hamilton formalism
in fibred manifolds

IVAN KOLAR
Institute ofMathematicsof the CSAV

BRNO-CZECHOSLOVKIA

Abstract. It has beenclarified recentlythat an r-th order Lagrangianon a fibred
manifold Y X does not determinea unique Poincaré-Carranfonn provided
dimX> 1 andr>2, [1], [4], [6], [9], [10]. To makethis fact more transparent,
we introduceda new operation generalizing theformal exterior differentiation,
[61.In the presentpaperwededucein such a way that a uniquePoincaré-Cartan
form can be determinedby meansof a simple additional structure- a linear
symmetricconnection F on the base manifold X (or, more generally, by a
convenientsplitting S). Thenwepresenta suitablegeometricdefinitionof a regular
r- th order Lagrangianon Y and weprove that any ourPoincaré-Cartanform can
beusedin ageometricalversionof thehigherorderHamilton formalism.

The starting point for this paperwas alecturepresentedin the BanachCenterat
Warsawduringthe 1983 Trimesteron MathematicalPhysics.Theauthoris grateful
to Prof.A.Trautmanfor his interestin thelectureandhis comments.

1. DECOMPOSITION FORMULA

All manifolds and mapsare assumedto be infinitely differentiable and all

morphisms of fibred manifolds are base-preserving.— Given a fibred manifold

Y -÷ X, we denote by iT: J
TY -÷ X its r-th jet prolongation and by

irs :JTY-*J5Y, 0~s~r, (J0Y= Y) the jet projections. If ~ ~ . . . =

This article is basedon lecturesgiven by the Author during the Trimesteron Mathematical
Physicsat the StefanBanachInternational MathematicalCentre, Warsaw, Sept. . Nov. 1983
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// dim \ p. ~i I . ~ dim ) dim )~ are some local fibre eoordi-

mites on F. then the induced coordinateson j~) are ~‘. ~‘ br all multiindices

a ~ r. As usual, a + ~ meansthe sum of two multiindices. (a + ~ a

Any ordinary index i can be interpreted as a multiindex ssith i -th component

I andall othercomponents0. Sincewe haveto discussSOnIC problemsof tensorial

character,we shall also use the classicalnotation of the tensorcalculus. In SLICII

a situation we write i° — if for ~ = + + ‘A We use the summation

conventionfor ordinary indices,but we alwaysindicateexplicitely thesummation

a
with respectto multiindices.We setw = dv A . . . A dx”. w —

For every morphism~ frY ~ Ak 7~*~onedefinesits formal exterior differen-

tial D~:J~ y ..~ Ak + 1 T*X by (I~is)*D~= d((jrs)*~) for every local section

s of Y. [131. If the local coordinateexpressionof ~ is ~ = a~ 1~(x’.i’~) dx
1l A

A dx’k. then D~= D
1a1 dx’ A dx” A... A d.v’~. where D.J = aj

: (3
0f)

1P .. a. = a/a.~’,a°= a/avP, denotesthe formal (or total) derivative
~ p 0+) 1 p

of a function f F F R. Clearly. DD~= 0. Ally vertical vector field 77 on I

induces a vector field J’~ on FY such that exp (tJ’ii) Jr(exp tn), where

expt~means the flow of a vector field ~. In coordinates,if i~= 7l”(x,.i a,,.
thenJrri = ~ (D077P) 3°.This implies directly: for every inorplusmnA i’)

o~r P
V

5 Y cv Ak T*X over the identity of J5 Y, s ~ r. there exists a uniquemorphism

~2’A : jr± I y ~‘*j5+ 1 ~ ® Ak + I T*X satisfying

(1) A.J~r~)=D(A,J~n~)

for everyvertical vector field 77 on V. [6]. Obviously. ~t~i1A = 0. For k — ii I.

we write A = ~ a°’dj~cvw~.where cv i is a pair of a multundexand an ordi-
~ p 0

nary index, andwe have

() ~A = Y [(D, a~’)di~+ a~’di’~~~J

We define an r-th order Lagrangianon F as a morphism A : .1’ } —* A” T~.k

A = L(x’,i’P)w, [131. Its vertical differential hA (3~L)diT’cv’w cai~be

interpreted as a map F V J.’*J~Y cv A” T*X. For the tensorial considerations

we introduce

(3) L” ‘~ — 3°L for cv =fj + ... +

Then we have
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(4) OX =(L~di’~+.. . + L~ IrdIp /r) ®W’

We clarified in [6] and [9] that a basicproblem is to discussa decomposition

(5) OX=~M+E

with M .j
2r-l F f7*J~-l Ycv A”1 T*X and E :J2rY V*Ycv A~T*X (the

injection V~Y-÷ V’~JTYbeingtacitly usedhere).

a!
Write M = ~ 0°’d~’~’cv w~.Similarly to (3), we set B~’ ‘k = — b°’,

.ol~r-i P 1’ k! ~

cc =‘l + ‘ ‘ . + J~,sothatB’s aresymmetricmi I’’•’’’k’ not in i. Then

(6) M = (B’ dy~+ . . . + B’~ ‘r-I ‘dyP. ) cv
P P

Decomposition(5) leadsto the following equations

Lh1~=Bohm~.JI.)
p , p

(7) L~k=D~B~1Jk’ +B,~””~

L~=D,B,+ ep

with E = ep dv” cv w.

Evaluatingep by abackwardprocedure,we find for anyB’s

(8) ep= ~
la’~r

so that the Euler morphism E is uniquely determined.On the other hand,M
cannot be unique in general:if we takeanyC :J2r 2 y ,. jz*jr- 2 y ® At1—2T*X,

then M+ ~ C’ also satisfies (5) by virtue of ~ = 0. In [9]. we proved the

global existenceof such a morphismill andwe alsodeduceda converseassertion:

if ill and Ill are two morphisnls satisfying (5), then there exists a morphism

C’ : j2~~2 y , j’ *jr 2 cv A” 2 T*X such that U = U + ~ C. In particular,

U is uniquefor r = 1 andany11 or /7 = 1 andany r.

Define a vector bundleK,~_ overF V by an exactsequence

(9) 0 ~K ,. ~jr- I y ~S)! J.’*JS~~0

where (ir,~ )~denotestl1e pullback over Jr- I)’ For s = r — 2, the fibers of

K~~ are (‘V cv Sr_I T*X. if we composethe dual map J’*F~1 y with

U. we obtain ill :J~ F -~ l’~Ycv sr TX cv A”~ T*X and we can require

(id cv A )J:J2~ 1y l’~}’ cv sr 2 TX® A”~’T*X to vanish. The coordinate
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nieanineof this condition is Br’,’ ~‘ ‘ 1?’’ - and such a 11 aill He said 1’

Hc (lu~1sisyi11illclric.107 i -_ 2. (7) iiiiplics that tl~ereis uiiipic q7iasis\lunicirn

TI satisfying H A i/il + 1: . Its coordinateexpressionis

1W I)L~, I),L~Wu” + L~d.iJ’

I lossever, one cannot continue in such a procedure. I or /‘ 3 s~c deduced I

direct esaluation that the condition B” -: B” dependson the coordinatess stein
P 1’

an obstruction being formed by the secondpartial derivatiscsol the translornia

tion on thebasemanifold). [10]. p. 207. [~ I. p. 473.

Hence a natural problem is how to deterntinc a unique I / by ulealis of all

additional structure. We shall show that it su flicies to add a linear sviiliuc ti-ic

connection I’ on V which is more economical than the pairs of connections

used in [4 1 and [I I. To clarify the basic idea of our construetion . we first consi-

der any splitting S : 7’~\’ P ~ where ‘j.r I /, I)\ . R ,,. ss Inch is

a vector bundle over X. in other words.Sis a linear morpllisnl sncli that pS - dl.

where p . T~ ‘~X T~.X’is the canonical projection. I lien we shall show that

everyF determinesa splitting l’~ T~V 1”

Given ally vector bundleF .\ . we define~ by an exact sequence.

11 0—E°~J~E~E—0.

A canonical map x : JI tE a: T’
4’.V can be constructed as follows, II I

[7]. Having H =j~ ~
0 EJ~

t1: and F =j~f e T’~X, to is a section of L.

Obviously.J(.v = 0 implies that j~(Jo) dependson 1! andF only andj~(.10) I~’.

This givesa bilinear map from theWhitney sum P 1/5 T’~.Xulto L’~inducing x.

I I
In coordinates. jf 1/ = /i”x~. I-’ = -— i x’ and we set

i ~! OK )‘-S 7’

:e F) = ~ ±g~x°.then
o< a®., cv!

(12) g~=~ ~!y!

where the sum is taken over all multiindicial decompositionsof cc. If we add a

splitting S : T*X . T~X. = S~a
1.SJ = O~.we obtain a niap ?u4id®S) P

1J5

T*X .‘ F
1

0 with the following coordinateexpression

cc!
(13) gP Y S’Ii’Ja..~ RI a

c+a=o

Given a fibred manifold F. one analogouslyintroducesa map
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(14) x: (ir
1 ~ VJ~~Y cv T~X VJ1Y

by means of the canonical identification (‘f1 V J1VY, [5]. Every G C VPY

correspondsto an s-jet j,~u, where u is a local sectionof VY X. Then j,~(fa)
is identified with an elementof K

1
0. This inducesx by bilinearity. If we adda

splitting S : T*X -÷ Ts*X. then (13) implies that the coordinate expressionof

S=~co(idaS): (~ 1)! VJ1 V ® T~X .‘ VPV is

(15) d~’~= S~dv~cv
~+y=0

Every linear symnietric connection F on X determinesa splitting F,, : T*X -+

TS*X as follows. Everya C T~7Xcan be interpretedas alinearmapX(a): T~X-+ R.
Consider the exponentialmap exp of F restricted to a diffeomorphismfrom a

neighbourhood 0 C U C T~M into a neighbourhoodx C V C X. Then X(a) 0

exp~: V_*RandwedefineF,,(a)=’A~(X(a)oexp~t).

Given a splitting S : T*X -~TT~~ a morphism ill : j2r_l y -~v*Fl ycv

A” -- T*X will be calledS-quasisyrnmetric,if the resultingmap in the following

diagramvanishes

jir-l ~M ~ j’*jr-t ycvAfllT*X

\\ IS*®id\ (ir~)! ~ V cv TX cvA”~’T*X

lid cv A

(ir~_~)V*Jr_2YcvAFI2T*X.

In particular. if F is an integrableconnectionand x’ is an affine local coordinate

system of F. then Fr i is determinedby S~= 0, ~ 2. Then onefinds easily

thatM is Fri -quasisymmetricif andonly if

(17) B~“‘s” = B~ ‘°“ for ails.

This is a justification of our terminology.

PROPOSITION1. 1”or ej’c’ri’ splitting S : T*X ~ T~’ * A’ there existsa unique

S-qiiasisi’ininetrd’ ii~orplirsni MS : J 2r— t y J’ *j~ 1 V cv A” T X satisfying
OX ~ F.

F,’ooj. Take a local coordinate system .r’ on X and consider first the local

splitting determinedby the integrableconnectioncorrespondingto x’. Then the
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symmetries( I 7) imply that all B ‘.s in (7) arc uniquels dcteri,iined and

115) B’’~’=L’1 1k’~j) /
1i~’A1 ~

+ -- I “I) • ~‘ 1 j, 11

svitli ,s + A + I = r. For an arbitrary splitting S. we deduce Ha ( I 5~B’

B;, Jr 0 + certain linear combinations of the products of Ii ‘a ss itli more sllpcr-

scriptssvithi sonicS ‘a. Then ) 7 gives
I I (fl B’’ = ~ ~ -~ /) .~i ~~1r~ (“I ~Jk

P P ‘ 1’ 1’

where ( ‘~ ~ is a certain linear combination svith rational coefficients of the

products B~ ‘5 2 I 5”’,S” , (110 summation). s ~ 2. ‘I his determines,I/~-

0.1 .1).

The morplusni .tI~will be called thePoincarb—Cartaninorphisni of A determin-

er! by .5’. For 5’ = I’, we say that TI,. = .I/~.is determined by I’. Since the

global existenceof a linear symmetric connection on every 5’ is a ss-ell—knocvn

f’act. Proposition I gives anotherproof of theglobal existenceof the Poincare-

(‘artan morphuisms.
Lor r = 2 one can take the identity map of J’”A only, which gives 1W. For

r = 3. any splitting T*X T’ ~,\ coincides svitli a linear symmetricconnection

I’ on A’. in general. local coordinatesx’ or 5’ induce the additional coordinates

H. . = a . . . a. ~ on Ts*,X’. k = I s. If 7’
1’A1 are the equations

15 17 cv’ ‘ ~ - A
of I”. then the coefficientsof .Tl~.are

(20) B1kI=L1A~.B” =L11 ~i) [JIA +I.kl11I’.,.

I, P P 1’ 1’ P 1~~

B~~. L~,—D1L~’~ D1~L~’~1XI1F~hl.

We now describe an algorithm for finding the equationsof’ the splitting I

T
1 5’.V determined by I’ in an arbitrary local coordinatesystem oh

in the normal coordinatesystem of I’ at v C S . the equations of I’, at .v are

1’ = 0 I. = 0 by definition). TIns is basedon the fact that the second- U li

and higher order derivativesof A (ui’ cxp along eachgeodesicspassingthrough
.v vanish. We find the explicit formulae for F, and F,. The equationsof’ geodesics

are

dx1 dA~
(211 + F.~— 0

‘ di LI!

and thesecondderivative of a function] along a curve .v’ (1) is
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3
2f dx’ dx’ 3f d2x’

(22) . ,~
0x’öx’ dt dt ox’ dt2

d3x’

Hence ,f, = F~~fk.In the third order we have to evaluate —i- from (21) and

differentiate oncemore (22). Thenour conditiongives

(23) ‘~jk= ~ + F,~
0F~)]fQ.

In this way, onecanproceedstepby stepon.

2. REGULAR LAGRANGIANS

Our definition of a regular r-th order Lagrangian is motivated by Proposition

2 below and our requirementsare strongerthan in [2]. Our approach is inspired

by Shadwick, [12], but we use a direct geometric construction applied to the

Lagrangian itself (we remark that the results mentioned in § 1 imply that

Shadwick’s momenta are not geometrically well defined for r> 2 and n > 1).

If we restrictOX to K~’. we obtain alinearmapA(u) : VY cv S~T~X-* A°T*X.

or an element A(u) C J.’*}’ cv SrTA’ cv A
0 T*A’, for every u EJrY. The pullback

L F = (ir~1>! V * V cv S~TXcv A~i.T*Xoverp_i Y will be called the r-th Legendre

bundle of V and A : F V —* L,, V will be called the Legendretransformationof A

(the first order casewas studied in [8]). If we introduce fibre coordinateson

ii a a
Lr V by the decompositions r~~

1~p® ~ ~,, . . C’ —— ® so, then the co-
P Ox

1”

ordinateexpressionof theLegendretransformationis x’ = x’, u’~= yP, a ~ r —

and 5~--‘Jr = L~-‘-Jr The vertical differential of A (over jr_i Y) ~A Kr” i

LrV can be viewed as a map hA :FV-± J7*y®5r TX® V*V®SrTX®A~T*X.

For every I ‘~ k ‘~ r, considerthecanonicalmap

(24) Sk : SrTX cv ~ ~(
52r_k TX) ® 5k TX.

Then the induced map OkA = (id ®sk)OOAcan be interpretedas

(25) OkA:FY~Hom(J~VcvSA~T*XcvA?~TX.~~*y®S
2r_kTX)

DEFINITION. A Lagrangian A i~’ill be called k-regular, if the linear map

.-\) (u) : l-’Y ®
5k T*X ® A” TA’ .- V*V cv 52r~krx ~ ~ monomorphism fOrc’m’c’rl’ ~ Efry. A Lagraugian is said to be regular if it is k-regularfor even’ 1 ~

k~r.

For any cv = i1 + + ~ we set
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- a! - -
‘I ‘~‘ ~~‘J,’1 ‘‘,

Vi, 1/ i’

Since the coordinate f’onn of s is,v - - — A - - time ~ -A ~i li--h- ~i -00 lA’lk-l I 1,
regularity of A is equivalentto the f’ollosving condition. If’

(27) l’~ - “i - ~‘:‘~ .11’ :.. 0
VP I, - 1~’J, /~ l~- I,

for eserv :1 - - ~ J’*)’e’5’’ A TX. then ‘it’ = 0. (‘leads. \ is i-
1,. l,-J, J~ J~~ I

regularif andonly if ,\ is a local diffeomorphism.

Let 4 : TJ~F I ‘F F be the structure form of .1’ )‘, ~ --- , sA’ H” -

so~= du’” ~— i’’ , dv’, ]3J. 5]. For any splitting 5’. sve define an exterior ,~--

form ~ A3l~on J 2i I ~ by natural combination of the contraction with respect

to ~‘jr F amid alternation. ~ A 1il~= , /5 ‘uS’ A so.. [0 I. If we interpret

A as an exterior n-form on f’ 1’. then A + ~ A ~TI~ is an exterior ii -torni

on J
21 - t ~, svhich will he called the I’oincarO-Cartanform of A determinedby

5’ (or by F in thecase =

In general.a section u : .X’ - P V is said to be Is -hiolonomic. A ~ .s. if’ it =

j~ (me).

PROPOSITION2. Let A hc’ a regular Lagraimgiau and 5’ a®,- .spliiiiiig, It a ,5L’eTlI)//

-s ,~ ,j 2r-- t ~ sat i,sties

(28) u*(~AdOs)=0

br ei’eru’ ircr’t -i’ertu-a/ m’ec-torfic’ld ~~ j 2r t ~‘ theei it i.r r-/,ulononnc,

Proof By (18) and (1 91. every Br’,’ Is’ is a affine map from theaffine bundle
p ~ ‘~‘ ~jr~ 1 1F into reals.A + I + s = r, the linearpart of which is

(29) I— I )SL’i - ~ - ~ -
qp - l~ i,5, L

1

independentlyon S. (In other words, (29) is the highest orderpart of B~“®

Let uP - be the coordinatefunctions of it. Set it *(~~‘~ A so,’) = /1’ cc. sO
1,.- ‘r li--Jr Il -IA’

that (-P - = 0. uP - --- u~’ (‘onsider f’irst a ir~”
2-vertical vector field ~ -

Ii ---15’ ‘ 11 J~ 11 - -15’ r t ‘Then theequationit *(~tA dos) = 0 reads

(30) L” ‘Am ~, ,‘~ , - -‘ç’ = 0.

qp U’ 0-

Since A is 1 —regular. (30) implies (‘~ = 0, so that ii is I -hiolonomic. ,Assume ba

induction that me *Ak A cIO~)= 0 for every ii,~’ ~ t~vertical vector fmckl

implies that it is A’ -h’iolonomic. i.e. it *~®I’ = 0 for all a’ ‘aj A —-- I - By 1 29), tIlL’

condition a*(~ + A d6~= 0 for a 7r~ f-vertical vector f’ield ~‘A -
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� ~P 00 reads
r+s®,ot’C2r--l ~ P

(31) L’I”~”551 --Ik’~,q - uP - .= 0.
qp I’’’ ‘r I’’’ s

Since A is (k + 1)-regular. (31) implies Un,.. = 0. We haveuP - = 0.
‘i”’k 11

0. uP by the induction hypothesis.Then UP. - - = 0 impliesuP . , = 00.
Ii, Ui-/k’) Ji---Js~ ‘ Ii

1k Hencea is (k + l)-holononiic. In tlue last stepof this procedurewe obtain
thatu isr-holonomic. Q.E.D.

REMARK 1. For n = I a stronger result holds: if A is a regular Lagrangian with

the (unique)Poincaré-Cartanform 0 andu *(~A dO) = 0 for everyir
2

0~,
1-vertica1

vector field ~ on j

2”~ V. thenu is (2r — 1)-holonomic, [6].

3. A GEOMETRICAL FORM OF THE HIGHER ORDER HAMILTON

FORMALISM

A section s : X —* V is said to be a critical section of A if (y2rs)*E = 0. (In
coordinates, (

1

2r

5)*e = 0,p = 1, . . . , m, are the Euler equations).

PROPOSITION 3. For aiij’ Lagrangian A and any splitting S, if an r-holonomic

section a : x ,.÷j2r—1Y satisfies u *(~J do5) = 0 for every ~r2r 1-vertical vector

field ~ on J

2r_lV, theii s = Ir~r!U is a critical section of lv

Proof We have = A + ~ b0” w~A w~,so that
locvr—I P

(32) ~A.JdOs=~JdA+

~ ~

o-Fcv r—1

Sincea is r-holonomic, the secondterm on the right-hand sidevanisheson u.

Henceu*(~AdO
5) = ü is equivalentto

(33) ((!rs)*LJi Ik)50 = I~*(dB’I”A’ A w~)+ (a *B
01 ‘15)) so,

k = 0 r —1. Fork = r, B’” = L~’” are sonie functions on FY. so that

(34) u*BJI”5~I = (J2r k_is)*BJi”Jk+l

P P

for A’ + I = r. Assume by induction that (34) holds for some A’ + 1 and we

prove tluat (34) holds for k as well. Since d ((/ 2r-k -- 1 s)*Bhl”k + i) = ~ 2r-t s)*

DB;,’ “a + ‘ by the definition of the formal exterior differential, we have

a *(dB;,I “u A so
1) = d((I

2r~ ts)*B;,l -- 1kg) A w~= (!2r_ks)*DB;,l---Jk’ A w~.But



I A, I. ROE 51<

B’,~ satisf\ (7). so that )33) implies ,i’~B” ~ I = )~‘“5s)<B1’”1~’, By 1’)),

B
1,’ - ‘~ differs fromu B,0 - ‘ by somiie limsear combinations with, coefficients

defmmied on S of B ‘~ with more superscriptsand sonic their formal derivatives,

But all thesequantities are defined on ,j ~ F amid their aloeson It coincide

with their valuesonj Jr A 1 s by the induction hypothesisand by the hef’initiom<

of the formal derivative. Hence (34) holds (‘or A’ supei’scipts as well. “l’IIL,s. by

induction, (34)is true for all B ‘,s . By (33) and I 34). m~<( ~‘ d U,~) = 0 is reduced

t A)

(jf.r)*L = (!Jrs)*DBZ

(35’) - - - - -
11r5 )~L” ~ = ~Jr L.s)*D1B;,i ‘

1AI + (I Ii A
5 )*Bh IA’

- I, -- I,- i~- -I, - - -A’ = I ,...,r — I . ljsing B,, = 1.,, and the hackwarsf elimination. ss

deduce(jlrs)*e = 0.

REMARK 2. Proposition 5 of [6] implies that every critical section s satisfies
(J2r~ Is)*(~’ A dos) = 0 for any splitting S and any ir2 -vertical vector field

~ o,~i
2~~1y

A geometrical version of the higher order Hamilton formalism can be now

formulated as follows.

PROPOSITION 4. Let A be a regular r-th order Lagrangian on F . X andS T*X

TT_I *X be ant’ splitting. If a section a : 5’ ~J2~ V satisfiesa*(~A dO~)= 0.

then s = 7r~ u is a critical sectionof A.

Proof Since A is regular,a is r-holononiic by Proposition 2. Then s is critical by

Proposition 3. Q.E.D.
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